JOURNAL OF THERMOPHYSICS AND HEAT TRANSFER
Vol. 14, No. 1, January-March 2000

Critical Behavior in Small Particle Combustion

Robert S. Hiers IIT*
Sverdrup Technology, Inc., Arnold Air Force Base, Tennessee 37389-9900

Small particles combusting under free molecular conditions are shown to exhibit critical behavior under condi-
tions of high collision efficiency. At a particular collision efficiency, the particle behavior transitions from noncrit-
ical to critical (or runaway) behavior: Noncritical behavior is defined as a finite particle temperature at burnout,
whereas critical behavior implies an infinitely increasing particle temperature at burnout. The critical collision
efficiency is derived from the governing equations for free molecular combustion of small particles. The critical
collision efficiency is shown to be a function of the specific heats of the gas and the particle and is independent
of the particle size. Analytic and numerical results are compared. Particle radiation is included in the numerical
results. The inclusion of radiation does not effect the critical collision efficiency, although radiation does decrease

the rate of particle temperature increase.

Nomenclature

A = particle surface area

C = particle specific heat

c, = gas-specific heat at constant pressure

C, = gas-specific heat at constant volume

¢, = gas-specific heat at constant volume under effusive
conditions

D = particle diameter

E = particle internal energy

e = particle specific internal energy

f = collision efficiency

h(j’.(O) = enthalpy of formation at 0 K

k = Boltzmann constant

k, = spectrally averaged emission coefficient

My = gas molecular weight

m = gas molecular mass

m = mass of carbon atoms removed from particle per
reactive collision

Ny = Avogadro’s number

n = gas number density

P, = ambient pressure

G = energy transferred to the particle by a nonreactive
collision

qr = energy transferred to the particle by a reactive collision

R = specific gas constant

r = particle radius

ro = initial particle radius

T = particle temperature

Ty = reference temperature or initial particle temperature

Teo = ambient temperature

T* = particle burnout temperature

t = time

t* = particle burnout time

u = gas thermodynamic internal energy

Vv = particle volume

X = stoichiometric coefficients

Zz = collision frequency

a = particle surface thermal accommodation coefficient

¥ = gas ratio of specific heats

g = particle emissivity

A = gas mean free path
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gas kinematic viscosity

= average molecular velocity
= particle material density

o = ambient gas density
Stefan-Boltzmann constant
specific oxidation rate

2 Q"D T
I

Introduction

HE term critical behavioris used to describe many differentas-

pects of combustion, for example, ignition vs nonignition, ex-
plosionvs nonexplosion,and vigorous vs weak combustion. In gen-
eral, criticality indicates an abrupt transition from a stable or well-
behavedconfigurationto a completelydifferent, potentiallyunstable
configuration. The critical combustion behavior of spherical carbon
particles has been examined previously by Trevino et al.! Addi-
tionally, Zhang? analyzed bifurcation behaviorin a homogeneous-
heterogeneous system. In each of these instances, the particle com-
bustion was assumed to occur under continuumconditions. Hiers**
has shown that the combustion of soot particles occurs under sub-
stantially rarefied or free molecular conditions for most practical
applications. The objective of this paper is to identify a regime of
critical behavior for particles combusting under free molecular con-
ditions, indicated by an infinitely increasing particle temperature at
burnout.

It has been shown that soot particles are sufficiently small so
that they are in rarefied conditions in typical atmospheric pressure
laboratory flames.>* Soot particlesin low-pressure flames or ablated
from reentry vehicle heat shields at high altitude would experience
free molecular flow. The theory presented here is strictly valid only
for small particles combusting under these high-temperature and
relatively low-pressure conditions, where the particle size is smaller
than the gas mean free path. Additionally, the process of thermal
sublimation (which becomes an important mass removal process
for soot at temperatures around 4000 K) is ignored in the current
work.

Free Molecular Combustion Model

Complete details of the free molecular combustion model are
givenin Refs. 3 and 4. A brief derivationis given here. Each term is
defined in the Nomenclature. All thermal properties of the particle
and the surrounding gas are assumed to be temperature dependent
in this derivation. Additionally, the particle is treated as a lumped,
one-dimensionalspherical system. If we denote the particle thermal

energy as E, then E is given by
E =pV(0)e(T) )]
where p is assumed constant,and e is energy per unit mass. Because
particle volume is simply 4/3zr3, then E is a function of both
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particle radius r and particle temperature 7. Because both V and
T (and thus e) are functions of time, then the rate of change of E
is

dE oE de

dr ~ Qe dr

oE dV
—— )
oV dt

The partial derivatives are obviously

0F v 3)
oe =p

oF
= 4
Sy —Pe 4)

because we are treating the particle material density as a constant.
Additionally, we can apply the chain rule to yield

dv. oVvdr
— = 5)
dr or ot
where
A% o (4
—_ | - =4 2=A
or or ( 3 g ) i ©
Making these substitutionsinto Eq. (2) yields
dE v de + Adr o
a Pa TP
We can write the internal energy as
T
e =] CaT + e(Ty) ®)
To

where C is a function of temperature and 7; is some reference
temperature. If we use the thermodynamic properties of graphite
(a reference element) for soot, then e(7;) is defined to be zero.
Throughout this paper, the reference temperature 7 is assumed to
be 0 K. Applying Leibnitz’s rule yields

de a ™ .
=_= c(t)df
T

(1)

d d A
= C[T(t)]ET(t) - C(TU)ETU +j E[C(T)]dT )

Ty

but

d
E(TU) =0 (10

0 A
E[C(T)] =0 an

because C is not an explicit function of time. Therefore, Eq. (9)
simplifies to

d ar
L_c (12)
ar ar

Substituting Eq. (12) into Eq. (7) yields

dE ar dr
& vel s pen 1
a  PYR T TRy (13)

Furthermore, because

V =A(r/3) (14)

then Eq. (13) will simplify to

dE
dr

r dT dr
=A| p=C— + pe— 15
[p3 dr pedt] (13)

If we assume we are given the specific oxidationrate » (g/cm?/s)
as a function of temperature and pressure, we can find the rate of
change of the particle radius since

dv dr

—wA =p— =pA— 16
@A =pr =pAL (16)
or
d
Z-2 (17)
dr P
Substituting Eq. (17) into Eq. (15) yields
dE dT
| B e (18)
dt 3 dr

This is the rate of change of the energy content of the particle.

The free molecular model considers only collisions between
gas molecules and the particle surface. Collisions amongst gas
molecules are not considered. A collision thatresults in an exother-
mic reaction adds energy to the particle. An endothermic reaction
removes energy. Nonreactive collisions will either add or subtract
energy from the particle: adding if the gas is hotter than the particle,
subtracting if the particle is hotter than the gas. Also, if a reaction
occurs, mass must be removed from the particle.

If the characteristic body dimension is small compared to the
gas mean free path, the body is in free molecular flow, and heat
transfer will occur only by direct collisions with the ambient gas
molecules (ignoring radiation for the moment). Upon collision with
the particle surface, the gas molecules will exchange energy with
the surface, either by transferring thermodynamic internal energy
and translationalenergy, or by chemically reacting with the particle
surface. The term thermal accommodationrefersto the effectiveness
of the energy exchange between the gas and the particle during a
collision. Perfect thermal accommodation is assumed throughout
this work, which means that the energy modes of a gas molecule
come to thermal equilibrium at the particle temperature. This is
reasonable for low thermal energy collisions with rough surfaces
such as those considered here.’> We can express the oxidation rate
w as a fraction of the total number of collisions; that is,

o=Zfm (19)

where Zf is the frequency of reactive collisions and 77 is the mass
removed per reactive collision. Assuming no relative motion be-
tween the particle and the gas (dynamic equilibrium), the collision
rate Z is given in Ref. 6 as

Z =inv = Y(Pu/kT,) JBRT, Tam (20)

where P, and T, and are the pressure and temperature of the am-
bient gas. The assumption of dynamic equilibriumis valid for small
soot particles. The velocity relaxation times are extremely small
due to the large drag coefficients present under rarefied conditions.
The energy flux at the particle surface due to collisions with gas
molecules can, therefore, be given as

dE
= [qur +Z(1 - f)an]A 2D

dtcollisions

The internal energy u of a gas molecule has contributions from
translational energy, internal structure (e.g., vibrational and rota-
tional energy), and chemical potential energy (bond energy). We
can write the internal energy of the gas molecules as

U = Uyanslational + Uinternal + U chemical (22)



Because the particle is smaller than the mean free path, the molec-
ular flux to the particle surface is effusive. Therefore, the average
translational energy of the gas molecules incident on the particle
surface is 2kT (Ref. 7). Also, because the reference temperature is
chosen as 0 K, the chemical potential energy is simply the enthalpy
of formation at 0 K, or h(}(O). Therefore, the internal energy of a
gas molecular at any temperature 7" is shown in Ref. 8:

T
u(T) =2kT + f C,inerma AT + h%(0) (23)

0

The change in the internal energy during a single gas-surface
collisionis given by

Au = Uproducts — Ureactants (24)

or using Eq. (23) is

T;
Au= D xi(zkn + j C, internar; AT + hf}yi(O))
0

i products

Tj
- > Xj(sz,+j C, internal, j dT+hf}7j(0)) (25)
0

J reactants

where X are the gas-phasestoichiometriccoefficients of thereaction
under consideration. Equation (25) can be used to find the changein
internal energy for either reactive or nonreactive collisions. By the
first law of thermodynamics, the energy transferred to the particle
during the collision is simply the negative of the change in internal
energy of the collision. Therefore, for a nonreactive collision

qnr = _Aunr (26)
and for a reactive collision
g, = —Au, 27)

Tables of Ref. 9 and associated curve fits of Ref. 10 are used for
all specific heats and heats of formation appearing in Eq. (25).

Equation (21) represents the flux of energy at the particle surface
due to collisions with ambient gas molecules. The particle will also
exchange energy with the environment by radiation. The rate of
radiant energy transfer is given by

dE

dr radiation

=eo(T) —THA (28)

where o is the Stefan-Boltzmann constant. The treatment of small
particle radiation is explained in more detail in Appendix D of Ref.
3. Briefly, small particles are mass (or volume) radiators.!' The
emissivity ¢ is, thus, directly proportional to the particle radius.

Therefore,
dE
dt radiation

=rk.o(T: - THA (29)

where k, is a function of particle temperature and is derived from
the Lee and Tien'? soot optical properties. The total energy flux at
the particle surface is, therefore, the sum of Egs. (21) and (28), or

dE
E = [qur + Z(l - f)an]A + rkrG(Toi - T4)A (30)
fluxes

Substituting Eq. (19) into Eq. (18) yields

dE pr dT
— =A|—=—C— - Zfmm 31
df fiuxes [ 3 dt fme] ( )

Equating Egs. (30) and (31) and solving for the rate of change of
temperature yields

ﬂ_i . _ 3k, o 4 s
dr _prC[f(me-i—q')-i—(1 gl + °C (T, —T* (32)
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Note that the particle radius r appears in Eq. (32) as an unknown
function of time. However, substituting Eq. (19) into Eq. (17) yields
an ordinary differential equation for the particle radius:

d —Zfm
ar _ —Znm (33)
dr p

Because f is also a function of particle temperature, Eqs. (32)
and (33) form a coupled set of nonlinear ordinary differential equa-
tions for the particle temperature and radius as functions of time.
These equations are statements of energy conservation and mass
conservation, respectively. In later sections these equations will be
integrated in time using a modified implicit Euler method described
in Appendix E of Ref. 3.

Critical Combustion Behavior Analysis

Equations (32) and (33) comprise a first-order, nonlinearset of or-
dinary differential equations for the particle radius and temperature
as functions of time. The nonlinearity is due both to the radiation
term 7* and the nonlinear dependence of the various coefficients
(collision efficiency, specific heat, etc.) on the particle temperature.
The equations can be linearized by neglecting radiation and assum-
ing that all thermal properties are constant. If the thermal properties
are assumed constant, then

e =CT (34)

Gnr = (2k + Cu imcmal)(Too - T) = CA‘v(Toc' - T) (35)

from which the definition of C, is obvious. Making these substitu-
tions in Eq. (32) and neglecting radiation yields

dr 3Z A
T —[f(RCT + q.) + (1 = /)C(Tw — T)] (36)
t prC

For constant collision efficiency, the particle mass equation (33)
will integrate immediately to yield

r(t)y =ro — (Zfm/pjt (37
Equation (36) is a linear, first-order, ordinary differential equation

with variable coefficients [because r =r ()] that can be simply in-
tegrated using an integrating factor to obtain

T(1) = =B+ (T + B)lre/ r()]° (38)
where
ﬂ= [fq:+(1_f)év;roo] (39)
[fmC -1 - f)C,]
A _a=né
5—3[1 —frhC ] (40)

and 7 is the initial particle temperature.

This analytic solution was used to validate the numerical method.
For these numerical and analytical calculations, the constant coef-
ficients are evaluated at the following conditions: pure molecular
oxygen at a pressure of 0.10 atm and temperature of 2500 K, using
oxidation rates from Roth et al.!® Figure 1 presents a comparison
of the analytical solution and the numerical solution [solving Egs.
(32) and (33) using the modified implicit Euler scheme describedin
Appendix E of Ref. 3] for the temperature rise of particles of var-
ious size oxidizing under the conditions just given. The numerical
solution has been altered to neglect radiation and to use the same
constant properties as the analytic solution.

The analyticaland numerical solutionsare virtuallyindistinguish-
able from each other, except at the smaller particle sizes. The nu-
merical solutions were performed with a constant ( 1077 s) step size
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Fig. 1 Comparison of analytical and numerical solutions for particle
temperature history.
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Fig. 2 Comparison of constant property numerical solutions with and
without radiation.

that was not small enough to capture the fast rise for the smallest

particles. This result validates the bulk of the numerical solution.

The only potential errors are in the evaluation of the nonconstant

properties and in the treatment of the radiation term. Note in Fig. 1

that the ultimate temperature of the particle is independent of the

initial particlesize. The initial particle size affects only the rise time.
Including the radiative term in Eq. (36) yields

dar 3z . . .
- = R[f(mCT +q)+ (= C(Te —T)]
239 e ey (41)
pC

where k, is now treated as a temperature-indepencent constant.
Figure 2 presents the same numerical results as Fig. 1, with the
addition of the results from the numerical solution, including radi-
ation. The analytical solutions have been removed for clarity. Note
that neither the ultimate particle temperature nor the particle life-
time change with the inclusionof the radiationterm. Inclusionof the
radiation term only increases the time required to reach the ultimate
temperature. Physically, the inclusion of the radiation term would
be expected to reduce the particle temperature, as Fig. 2 shows.
The observation that the inclusion of radiation does not impact the
ultimate particle temperature may be theoretically justified by ex-
amining Eq. (41). Note that, as the particle size r approaches zero,
the coefficient of the first term becomes very large. Therefore, the
radiation term can be neglected when the particle size becomes very
small, and radiation should cease to have an effect. This is exactly
what is observed in Fig. 2. For very small particles, Egs. (41) and
(36) are identical.

Critical Behavior Analysis
The presenceof the ry/ r term in Eq. (38) indicatesa singularity at
burnout, thatis, at  =0. The burnouttemperature 7* is the particle
temperature as this singularity is approached. The time at which the
singularity is reached (¢ =¢*) can be found by setting r(¢) =0 in
Eq. (37):

t" =ropl Zfm (42)
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and so we can define

T* = lim [T ()] (43)

t—r*

The burnout temperature 7* exhibits two distinct behaviors de-
pending on the value of the exponent &:

5<0=>T"— -8 (44)
6>0=T"— (45)

Allowing the collision efficiency f to vary while considering all
other parameters fixed, we can solve Eq. (40) for the critical value
of f = f* that corresponds to 6 =0. This yields

=11+ @mc/C)H] (46)

which for the numerical values of the other parameters yields
f*=0.401. This means that

f<f*=6<0=>T"— -8 (47)
f=zff=6=20=2T"— (48)

Physically, the collision efficiency f must be between 0 and 1.
Therefore, both behaviors are possible, and a bifurcation exists at
f = f*.ResultsfromEq. (38) are plotted in Fig. 3 for various values
of the collision efficiency f. The computations stop one time step
before burnout to avoid the infinite temperature at the singularity.

Note the change in the behavior of the slope of the temperature-
time history as f becomes larger than f*. The slope at burnout
changes from practically zero to very large as the collisionefficiency
increases. Figure 4 is a rescaled version of Fig. 3 to show the com-
plete curve at f =0.41. The small f behavior would be typical
under most physical conditions. The large f behavior would be ap-
proached only under the conditions of very efficient reactive colli-
sions (such as with atomic oxygen) and no nonreactive gases (such
as nitrogen). These conditions are not typically found in flames,

18.0 T T
8 16.0 B
S 14.0 2000 K Initial Particle Temp +
X 2000 K Ambient Gas Temp
¥ 12,01 E

Collision
041
r  Efficiency

Analytical Solution, Constant

040 Properties, No Radiation b

Temperature,

—
M~ O 0 O
o O O ©

2.0

106 10-5 104 10-3

Time, sec

Fig. 3 Analytical solution for temperature history as a function of col-
lision efficiency.

3.5E+05 T T
I- 2000 K [nitial Particle Temp : " ]
3.0E+05 |- 2000 K Ambient Gas Temp égz's"t:f‘f'frg:;‘;:,ﬁzs ]
r No Radiation ]
¥ 25E+05} b
g I ]
2 2.0E+05 E
© L ]
“g’_ 1.5E+05[  cCollision Efficiency 0.41 1
2 1.0E+05 1
5.0E+04 |- ]
F 0.30
0.20 0.10 0.05
0.0E+00 =
10-6 103 104 10-3

Time, sec

Fig. 4 Analytical solution for temperature history as a function of col-
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Fig. 7 Comparison of analytical and numerical (with radiation) solu-
tion for temperature history as a function of collision efficiency.

shock tubes, or other practical combustion devices. However, these
conditions may be encounteredin the combustion of ablative mate-
rials (such as carbon) in atmospheric reentry.

The large temperatures indicated are not physical because other
processes that are ignored here would become important. Two such
processes are thermal vaporization (which will continue to be ig-
nored) and radiation. Radiation will now be considered.

Equation (41) is the particle energy equation including radiative
loss. Figure 5 shows the numerical solution of Eq. (41) for parti-
cle temperature vs time. The collision efficiency f is varied while
considering all other parameters fixed.

The small f and large f behaviors noted in Fig. 3 are also seen
when including radiative heat loss. Figure 6 is a rescaled version
of Figure 5 to show the complete curve for f =0.41. Note that the
addition of the radiative term did not change the ultimate particle
temperature. Once again, the high temperatures indicated here are
not physical because thermal vaporization will become important
at about 4000 K. This mechanism would remove mass (and thus
energy) from the particle while holding the particle temperature
down. As in Figs. 3 and 4, the calculations are stopped one time
step before burnout to avoid the singularity that occurs when the
particle radius is reduced to zero.

Figure 7 shows the solutions for both the analytical solution with-
out radiation and the numerical solution with radiation. For small
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collision efficiencies, the curves are practically indistinguishable,
but the radiation term does increase the temperature rise time, as
noted in the preceding section. For larger values of the collision
efficiency, the slope of the temperature at burnoutis practically zero
for the no-radiationcases, but is very large for the cases considering
radiation. The inclusion of radiation reduces the value of the col-
lision efficiency required to produce a large slope at burnout. The
critical value for infinite temperature at burnout is unaffected by the
inclusion of radiation.

Conclusions

A bifurcationis seen in the behavior of small particles combust-
ing under free molecular conditions. For relatively low collision
efficiencies (or kinetic rates), the particle temperature is bounded
as the particle size reduces to zero at burnout. As the collision ef-
ficiency is increased, the particle temperature at burnout increases,
but still remains bounded. At some critical value of collision ef-
ficiency, the particle temperature at burnout is unbounded and in-
creases without limit. Under the assumption of constant thermal
properties of both the particle and the surrounding gas, this critical
value of the collision efficiency is seen to be a simple function of the
gas and particle specific heats and the amount of mass removed per
collision. Calculations were presented neglecting and including the
effect of particle radiation. The inclusion of radiation increases the
time required to reach any given particle temperature, but does not
substantially change the critical behavior; that is, the particle tem-
perature at burnout becomes unbounded at the same critical value
of collision efficiency, whether radiation is included or neglected.

The impact of this critical behavior will be important in situa-
tions involving high collision efficiency, that is, high particle tem-
peratures in extremely oxidizing conditions. For instance, the use
of laser-induced incandescence as a soot diagnostic is typically ap-
pliedinreducingor at most weakly oxidizingconditions.The kinetic
timescalesare long enough thatreactionson the particle surface dur-
ing the laser pulse and subsequentparticlecooldownare typicallyig-
nored. If soot (or other small combustible particles) were present in
an oxidizing atmosphere (e.g., ablation or intentional particle injec-
tion into the boundary layer of a reentry vehicle) and laser-induced
incandescence used as a particle concentration diagnostic, the po-
tential for critical vs noncriticalcombustion behavior would have to
be assessed.

For the carbon particles considered here, thermal vaporization
(sublimation) is expected to have a major impact on the critical be-
havior as the particle temperatures approach the vaporization tem-
perature of about 4000 K. Particle vaporization will be added to the
model in the near future.
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